Higher order corrections to Heterotic M-theory inflation 
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We investigate inflation driven by N dynamical five-branes in Heterotic M-theory using the scalar 
potential derived from the open membrane instanton sector. At leading order the resulting theory 
can be mapped to power law inflation, however more generally one may expect higher order correc- 
tions to be important. We consider a simple class of such corrections, which imposes tight bounds 
on the number of branes required for inflation. 
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I. INTRODUCTION 

There has been a significant effort in recent years to 
better understand moduli stabilisation and cosmologi- 
cal dynamics in a specific class of string theory mod- 
els. More precisely, whilst much of this effort has been 
focused on the type IIB superstring, there has been sig- 
nificant progress in the strongly coupled Heterotic mod- 
els which are conjectured to be the low energy limit of 
Heterotic M-theory [l], ■ These models are phenomeno- 
logically interesting because of the E s x E$ gauge group 
which comprises a visible sector (including the standard 
model) and hidden sector. The embedding of wrapped 
five-branes in this setting was investigated and suggested 
as an ideal method of driving inflationary cosmological 
scenarios @, EL IE 0| ■ The fact that it naturally contains 
a dark sector, which is coupled gravitationally to the visi- 
ble sector, suggests a natural place to localise dark matter 
making such models phenomenologically relevant. With 
the advent of flux compactification, various groups tried 
to develop more realistic models of the vacuum structure 
of the theory 0, [n| Qd| which led to the embedding 
of a standard model-like sector [l^] into the Heterotic 
theory using the vector-bundle moduli. 

Inflationary model building in the Heterotic model 
(lij , Il4j was supported by precision data retrieved from 
WMAP. This culminated in the multi-brane model of [l5[ 
(supplemented by follow-up work in [IB, E3) an d other 
related ideas [IU . The important point about [H[ is that 
it provided a concrete embedding of assisted inflation 
[Hi, S3, El, S3] into a fully UV-complete theory, where 
the inflationary phase occurs before the end of moduli 
stabilisation. Assisted inflation works for theories with 
steep scalar potentials, provided that there are multiple 
scalar fields following similar trajectories through field- 
space. The combined effect of the multiple fields acts to 
enhance the Hubble friction term in the field equations, 
thus allowing sufficient inflation to occur. In this frame- 
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work, the scalar potential can be significantly steep to 
ensure that the dynamics of the geometric moduli can be 
ignored, therefore indicating that assisted inflation would 
be the most likely possibility for driving inflation in this 
model. We also note that the end of inflation is natu- 
rally understood to occur through the tunneling of branes 
into the orbifo ld p lanes via instanton transition into the 
boundary, see HaHH for some related work. After infla- 
tion, the remaining moduli can be stabilised in a de-Sitter 
vacuum [32l . l33l . [34 | which is well controlled due to the 
known higher derivative corrections [35| . Unfortunately 
stabilising the more general SU(3) structure case is still a 
work in progress, although it is likely that includi ng g aug- 
ino condensation and following the proposals (35 , l37l | will 
achieve this. 

The model of assisted inflation arises very naturally in 
this instance by considering only the leading order terms 
in the superpotential [l||. A natural question to ask 
then relates to whether inflation is spoilt through the in- 
clusion of higher order terms, since this would indicate 
another (potentially un-natural) source of fine tuning. 
We aim to go beyond the l/N expansion by considering 
additional corrections to the tree-level superpotential, as 
loop corrections are difficult to calculate explicitly, to 
further explore the allowed inflationary parameter space. 
Our naive expectation is that these corrections will im- 
pose tighter constraints on the background parameters 
in order for inflation to occur - however since the scalar 
potential is comprised solely of exponential terms we an- 
ticipate that inflation (if it occurs) could be eternal. To 
check this assumption it is useful to study the phase space 
in order to find attractor solutions. 

The organization of this note is as follows. In sectionlHl 
we introduce the relevant M-theory background required 
for model building. We follow this in section [TTT1 by dis- 
cussing assisted inflation, and how it is realized in this 
theory. In sections IIV1 fVl and I VII we explore and explain 
how this setting can be made more accurate through sev- 
eral new additional elements. The main contribution of 
this paper is in providing and discussing the cosmologi- 
cal implications of these elements, which are higher order 
corrections to the inflationary potential, and discuss how 
they further restrict the inflationary parameter space. 
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II. THE M-THEORY BACKGROUND 

Let us consider the model of the strongly coupled Het- 
erotic string on the orbifold 5 1 /Z2, where there are two 
'end of the world' branes localised at the fixed points of 
the orbifold action [l], Q ■ For simplicity we will consider 
a simplified model, whereby we restrict ourselves to a 
sector where ft. 1 ' 1 = 1, and where there are N five-branes 
wrapping an isolated genus-zero curve in the CY3, lo- 
calised along the orbifold direction. The superpotential 
for the theory takes the following form [l5| 

W = W flux + Wom - W GC (1) 

where we have defined each of the contributions to be 
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in terms of M = 1 chiral superfields. Note that n is a 
parameter fixed by the UV-cutoff of the gauge group of 
the hidden theory, 7 is the normalised coupling of the 
five-branes, whilst 7^ is given by the normalised integral 
of the Kahler form over the relevant two-cycle. Let us 
briefly comment on some of the notation here, since it is 
different to that employed in the type II case. Firstly, it 
is the superfield 5 that controls the overall volume V of 
the compact CY 3 . The superfield T measures the length 
of the orbifold, and Y is the superfield associated with 
the location of the fivebrane along this interval. Strictly 
speaking each of these superfields contains axionic contri- 
butions associated with the reduction of the three-form 
flux along the orbifold direction 
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Clearly Xi measures the distance of the ith brane from 
the visible sector, therefore x% £ [0, L]. We also have con- 
tributions from open-membranes wrapping cycles within 
the CY3, which have an averaged volume given by Vom- 
These open-membrane contributions can be interpreted 
as a shift in the volume of the internal space and have 
phenomenological values Vom ~ O(l), whilst typically 
V ~ O(10 2 ). We will often refer to 'canonical values' 
for these parameters which are Vom ~ 7, V ~ 341 as an 
approximate solution (l5j . and therefore we can, in prin- 
ciple, write the superfields solely as functions of N. Of 



course if the hidden sector gauge group is no longer Eg, 
then the dual Coxeter number is different and one ob- 
tains different values for these parameters, eg Vom ~ 21, 
V ~ 215 if the group is 50(10) fTJ. Also note that o 
refers to the axionic component of each of the superfields. 

In the flux superpotential @ H is the three-form flux 
which is to be integrated over the manifold, and f2 is the 
usual (3, 0) form. The presence of this term is crucial in 
order to stabilise the complex structure of the Calabi-Yau 
manifold. The gaugino condensate contribution (Wgc) 
contains various parameters proportional to the Coxeter 
number Cr of the condensing gauge group - and vari- 
ous other integer terms parameterised by the 7 functions 
which arise from integrating the Kahler form over the 
corresponding internal cycles. As in the case of type II 
string theory, this term plays a vital role in the stabilisa- 
tion of the compact space. 

The open membrane contribution {Wom) arises from 
Euclidean membranes fully wrapping cycles within the 
OI3. The various terms correspond to instantons be- 
tween the visible sector and the brane, the brane and the 
hidden sector and the visible and hidden sectors respec- 
tively. The prefactor h is the Pfaffian associated with 
the hidden sector. It is typically a function of the vector 
bundle moduli living on the hidden sector domain wall - 
however we will ignore these in our toy model construc- 
tion, although they play a vital role in realising models of 
the MSSM. It is this superpotential contribution which 
will be the relevant one for inflationary model building. 

Having specified the superpotential, we must also con- 
sider the Kahler potential for the theory which (as in the 
type II case) is separable at tree level 

\2 \ 

- 3 ln(T + T) 
(6) 

where Kcs corresponds to the potential on the complex 
structure moduli space. It will usually be simpler to in- 
troduce the function 




Q=S+S+Z- 



(Y + Yf 
T + f 



(7) 



to reduce the expressions above. For simplicity we will 
stabilise the complex structure at high scales allowing 
us to integrate them out of the theory. Also note that 
(for completeness) we have included the presence of the 
leading order correction to the theory coming from the 
i? 4 terms in the eleven dimensional action, denoted by 
Z, which is a function of the Euler number of the CY3 
and is therefore a topological restriction. We will set it 
to be zero for the time being. 

The second term in © should be familiar from the 
type II theory, and is explicitly a function of the Kahler 
moduli only. Since we have assumed that there is only 
a single modulus in this sector, the intersection numbers 
become trivial. Extending this to the multi-moduli case 
is technically more complicated, although can be done in 
principle. 
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III. FIVEBRANE INFLATION 

Having set up the relevant background, one can now 
describe how fivebrane inflation works in this set-up 
O 0, [HI ■ Modular inflation driven by either the geo- 
metric moduli themselves [23|, H3, US [26| , or their axionic 
partners has previously been considered in the literature 
[271 . |28| . |29| . In this paper we are interested in inflation 
driven by the dynamics of five-branes along the orbifold 
length, which is the M-theory counterpart of D-brane 
inflation [38l |. In order to proceed, one must have param- 
eteric control over the theory. In particular this usually 
means stabilising all the moduli of the compactification 
prior to the inflationary phase. This is still a non-trivial 
task in the heterotic context. Fortunately the presence 
of multiple branes wrapping genus zero curves, allows us 
to by-pass this condition (at least for the purposes of in- 
flationary model building). It turns out that the scalar 
potential is actually steepest along the five-brane direc- 
tions, which leads to the possibility of inflation occuring 
before the stabilisation of the (pseudo)moduli - where the 
inflaton direction is identified with the steepest part of 
the potential [l5| . 

Standard slow roll inflation relies on the fact that the 
inflaton potential is extremely flat, therefore the acceler- 
ation of the inflaton field can be neglected - at least for 
early times - and the universe will undergo sufficient ex- 
pansion. However a scalar potential that is exponentially 
decreasing is always too steep for a sustained period of 
cosmological inflation in this context. The inflaton un- 
dergoes rapid acceleration and the slow roll approxima- 
tion rapidly breaks down. One simple way to alleviate 
this problem is to consider not just a single field for the 
inflaton, but several fields that all have the same trajec- 
tory. The combined effect of these N fields is to increase 
the strength of the Hubble term in the inflaton equation 
of motion, which acts much like a friction term. The 
more fields we can include, the more the motion will be 
damped because the friction is increasing. This was given 
the name assisted inflation in the literature. 

The model of assisted inflation we describe herein, ac- 
tually belongs to a special class of models which overlap 
between assisted inflation and power law inflation - so 
called because the scale factor expands like a(t) ~ a$t p . 
In terms of an effective description, it is more useful to 
parameterize power law inflation through the introduc- 
tion of an exponential potential of the form 

U((t>) ~ U e*^ (8) 

(where we work in Planckian units) with <fi corresponding 
to a canonical scalar field. The resulting slow roll param- 
eters can be seen to reduce to constants. We find that 
e = 1/p, and therefore since inflation demands e << 1 
we simply need to ensure that p » 1 for inflation to oc- 
cur. One potential difficulty with these solutions is that 
there is no natural exit from inflation, since the relevant 
parameters are constants - therefore some other mecha- 
nism must be invoked to end power law inflation. 



Returning to the case at hand, we include N five- 
branes, wrapping two-cycles within the compact space 
which are constrained to move along the orbifold direc- 
tion, and fill the large 3+1 dimensional space-time. 
Let us briefly discuss some of the technical aspects as- 
sociated with such a construction. Firstly we will take 
the Horava-Witten model, which assumes that the seven- 
dimensional compact space is simply the product orbifold 
CY 3 x S 1 /Z 2 , where the CY 3 is a manifold with SU(S) 
holonomy. More generally one should consider compact- 
ifications on full G 2 holonomy manifolds, or Xq x S 1 /Z 2 
orbifolds where Xq is a manifold of SU(3) structure. 
Thus our choice of background is already subject to some 
tuning of the initial conditions, in that we are selecting 
a specific compactification manifold from the space of 
all such manifolds. It may well turn out that the CI3 
compactification is the more dynamically favoured one. 
However in the absence of a fuller understanding of M- 
theory we must include this as part of our initial con- 
ditions. Having specified our compact space we must 
then be careful to wrap the five-branes only along genus 
zero curves, since terms arising from branes wrapped on 
higher genus curves will vanish due to holomorphy and 
therefore will not contribute to the theory. Finally we will 
assume that the fivebranes wrap these cycles only once - 
as this simplifies things considerably since the anomaly 
cancellation expression then reduces to 

Pv + Ph + N = (9) 

where f3 v /h are integer coefficients arising from the sec- 
ond Chcrn-Classes on the visible/hidden boundary re- 
spectively. 

Given these constraints we find that the supcrpotcntial 
is dominated by terms coming from the open-membrane 
instantons 

(JV N 
i—l i—1 i<Cj 

(10) 

with the Kahler potential given as in ([6]). It was then 
argued in [l5| that the initial conditions require the five- 
branes to be localised in the middle of the orbifold, where 
the total orbifold length is much larger than the other 
scales in the theory. This ensured that the first three 
terms in the superpotential can be neglected as being 
exponentially suppressed. This then leaves only the term 
arising from interactions between each of the five-branes 

w M ~fc5>-«-*). (ii) 

i<j 

It is a standard result in Af = 1 supergravity that the 
scalar potential is minimised at supersymmetric vacua 
where D a W = 0, with a running over the various moduli 
in the theory. Therefore it is energetically favourable for 
us to set Dy^W = 0. With this assumption we find the 
constraint 

W 55 ~ z~ K (12) 
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where K is the full Kahler potential. Neglecting the com- 
plex structure term then amounts to trying to solve the 
expression 

N 

J2e-^- Y ^+{T+f) 2 ^2(Yi+Yi) 2 = (S+S+Z)(T+f) 3 

i<j i—1 

(13) 

which is generally very difficult to do analytically. 

Consequently in [X 51 ] they opt to take a simpler route, 
namely to individually set each term in the covariant 
derivative to zero - i.e. they impose 

dY i W 55 = W 55 d Yi K = 0. (14) 

In more detail this can be summarised as: 

• The first constraint basically tells us that the su- 
perpotential is independent of each of the indi- 
vidual superfields. The only way for this to be 
non-trivially satisfied (i.e not having a vanishing 
supcrpotcntial) is for (Yj — Yi) to be a constant. 
This is therefore a geometrical condition since it 
implies that the five-branes should be equidistant 
from each other. 

• The secondary constraint is that Ki = which re- 
duces to 



1 



N 



(15) 



which is assumed to be true for sufficiently large 
values of Q(T + T). 

• The final assumption was to keep only nearest- 
neighbour instantons contribute to the superpoten- 
tial. Defining the quantity AY = Yi+i — Yi one sees 
that the supcrpotcntial reduces to 



JV-l 



TT7 



55 



i=l 



h(N - l)e 



(16) 



which scales linearly with N, and therefore is the 
leading term in a 1 /N expansion. 

Given the above assumptions the F-term scalar poten- 
tial can be seen to schematically reduce (at leading order) 
to the form 



U F ~ U e K \W< 



55 



constlW^FOp 



(17) 



where the supcrpotcntial term is a strictly decaying ex- 
ponential contribution. This exponential suppression 
of the inflaton constitutes the dominant mechanism for 
building concrete inflationary models within superstring 
theory [5 1 . 

Now since the branes are assumed to be equidistant, 
one can use their combined centre of mass to re- write the 



superpotential in terms of a canonical field tp. In terms 
of which we see that the superpotential becomes 



55 



(18) 



where A is a function of the other geometric moduli (s, t) 
via A ~ y // 12st/(N(N 2 — 1)). Note that our conventions 
differ from that in [ll| thus accounting for the change 
in the definition of the A parameter, but (s,t) are still 
associated with the real parts of the superfields as in eqn 
d3HHJ) - Using the definition of the scalar potential above 
we see that the inflaton F-term potential for ip is in fact 



Up~U 



si 3 



-Aip 



(19) 



where it was assumed that {s,t) are approximately con- 
stant during inflation. One can check that the potential 
along the inflaton direction is still actually the steepest 
potential in field space, despite the apparent 1/t 3 depen- 
dence on the orbifold modulus. 

It is straight-forward to see that this exponential po- 
tential can then be mapped to that of the power law form 
and we then obtain power law inflation. In this case there 
is also a natural mechanism for the end of inflation, since 
eventually the orbifold length t will grow larger and then 
induce gaugino condensation on the hidden boundary. 
The remaining terms in the supcrpotcntial will then be 
non-negligible and also contribute to the F-term scalar 
potential. The combination of higher order instanton ef- 
fects and gaugino condensation should then stabilise all 
the remaining geometric moduli. Before proceeding, let 
us stress that the above model works precisely because we 
assume the geometric moduli can be taken to be approx- 
imately constant during the inflationary phase driven by 
the exponentially decaying inflaton. In addition the as- 
sumption that all the branes are localised near x ~ L/2 
is crucial in obtaining the simple form for the scalar po- 
tential 

In the remainder of this paper we will describe how 
the setting above can be further elaborated by means of 
additional elements present in the theory, which have not 
yet been fully explored. 



IV. CONSTRAINING N 

Let us appraise how all the assumptions above affect 
the bounds on the number of branes. One of the inter- 
esting features of this model is that N is bounded from 
both above and below [lj| if one searches for inflating 
trajectories. Indeed at leading order the scalar index is 
related to the number of branes and therefore one can 
use the WMAP normalisation to cherry-pick the requisite 
solution. Rather than consider the inflationary normali- 
sation, let us instead see how the causal structure of the 
theory imposes constraints on N. Recall that a major 
simplifying assumption in the derivation of the F-term 
potential (fl"§|) was that we assumed Qt » 2y 2 , which 
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is a significantly stronger bound than simply assuming 
Q > which comes from the reality of the Kahler poten- 
tial. We will be more careful than this and examine the 
full constraint here. 

Firstly let us consider the situation at the very start of 
inflation. The initial distribution of branes is assumed to 
be localised around the middle of the orbifold, therefore 
we have x l /L ~ 1/2 and thus y % ~ t/2 once we set the 
axions all to zero. Since we must demand that Q > for 
the Kahler potential to be well defined, this immediately 
yields the initial upper bound that 



N < 



2(2s + Z) 



t 



(20) 



where we have included the term coming from the R A 
corrections for generality Setting Z = initially, and 
fixing s ~ O(10 2 ) and t ~ 0(1) to be constant - which 
we assume will be typical values of the parameters at this 
time - we see that ./V < (9(100) as an order of magnitude 
approximation. However if we wish to consider a more 
realistic bound then we must recall that s is also a linear 
function of N, and therefore does not provide a useful 
bound on N. We can however bound the size of the 
correction term Z, which must satisfy 



Z > -2V 



(21) 



where we remind the reader that V is the averaged vol- 
ume of the Calabi-Yau. Since Z is a function of the 
Euler number of the particular manifold this in turn im- 
poses a constraint on the number of complex structure 
and Kahler moduli i.e this is a geometric condition. 

Regarding the inflationary bound on N, recall that for 
power law inflation to work, we must decouple the higher 
order y dependence from the scalar potential which re- 
quires the following condition to be satisfied (from a de- 
tailed analysis of the scalar potential) 



6t 2 Q 2 ((2s + Z)t - 6y 2 ) + 64y 6 » 0. 



(22) 



If we make the usual assumption regarding inflation oc- 
curing when the branes are near the middle of the orbifold 
then we can rewrite this constraint as 



8V 3 + Z 3 +6VZ(V+Z)-NVomC2V+Z) 2 + 



N 3 V? 



OAI 
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» 
(23) 

As far as phenomcnological implications go, the con- 
straint equation above can be interpreted as constraining 
the {AT, Z} solution space for fixed volumes. The corre- 
sponding phase space can be seen to be concave near 
Z ~ indicating that the constraint is more easily satis- 
fied for larger values of Z (for a given choice of volume) . 

The reality condition on the parameter Q can then be 
imposed. Since there is no problem for Z > we will 
only focus on compactifications which have Z ~ or 
Z — > — 2V as these are the two most interesting cases. 

Let us begin with the former condition, where we find 
the constraint equation can be written as 8V 3 a >> and 



demanding positivity of a is equivalent to the condition 



B 2 
24 



< 1, 



B 



NV 



OM 



V 



(24) 



Since we must assume the validity of the supergravity ap- 
proximation we require large volumes, and therefore the 
constraint is satisfied for all values of B despite the term 
on the left hand side not being a monotonic function. 

If one assumes that V is sufficiently large, then the 
leading term in ([24]) imposes a bound on N 



N < 



2V 



M 



(25) 



thus providing a constraint on the number of five-branes. 
In fact this full bound is a little tighter than the one 
considered in using the standardised assumption that 
V ~ 341 and Voai ~ 7 since we find that TV is constrained 
viz N < 98. 

Now let us consider the limit Z — > — 2 V, where the 
constraint equation simplifies considerably. In fact the 
relevant positivity condition reduce to 1 + B 3 /72 > 
which is satisfied for all values of B and therefore does 
not constrain the number of five-branes. Of course one 
must be careful with the physical interpretation of this 
result because the Kahler potential is actually no longer 
well defined in this limit. 

Another immediate limitation of the setting in [l5| is 
related to the vanishing of the five-brane F-terms. We 
recall that this meant setting dy^W and dy^K ~ in 
the covariant derivative. The first constraint is actually 
remarkably robust and would seem to be the simplest 
choice possible. However the second constraint requires 
the first derivative of the Kahler potential along the Yi 
direction to vanish at large volume. Whilst this is an 
adequate assumption, one must be careful to check that 
this is consistent with the functional form of the scalar 
potential. In other words, if we drop these terms, then 
we cannot keep terms of the same order arising from the 
other F-terms. Indeed all of the (first) Kahler derivatives 
will have terms of order 1/Q and so Q >> 1 on its own 
is not a consistent approximation. 

Relaxing this assumption makes things slightly more 
complicated as there are now off-diagonal pieces con- 
tributing to the inverse Kahler metric on field space. 
Fortunately all the F-terms are independent of the su- 
perpotential, and therefore one only needs to study the 
Kahler potential. After a laborious calculation, and as- 
suming that Q is dominated by the volume factor as be- 
fore, we find that the relevant constraint to decouple the 
additional y dependence becomes 



y 2 « 



t(2s + Z){5N - 6) 
8(AT-2)(2s + Z)-(5AT-6)' 



(26) 



which can easily be satisfied for a range of s, t. Note 
that this is a weaker bound than the one obtained by 
studying the decoupled inflaton mode and therefore we 
will not study it further. 
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V. DISSOLVING BRANES 

The results presented in [l5| can be further re- 
interpreted as follows. An interesting issue, not yet fully 
explored, relates to the growing size of the orbifold. Re- 
call that the basic theory of instanton inflation here re- 
lies on the fact that inflation happens rapidly, well before 
the five-branes move far from their initial positions. It 
is expected that power law inflation will naturally self- 
terminate once the (initially) sublcading instanton terms 
become comparable to those associated with the inflaton 
sector. Therefore in order to study the end of inflation, 
one must also include these contributions. This is techni- 
cally a difficult problem. The fivebranes will eventually 
dissolve into the boundary branes through small instan- 
ton transitions, as discussed in [l5j . This was discussed 
in [30l ] . where it was found that inflation ended rapidly 
upon the inclusion of a N/N term. However with regard 
to the above discussion the analysis in this instance is not 
strictly correct. The reason is that the effective poten- 
tial (fP9|) is no longer valid once the five-branes are near 
the boundaries. As we have shown, the model of power 
law inflation is only valid for nearest-neighbour interac- 
tions and only when all the branes are localised near the 
center of the oribifold. Once the branes move a distance 
away from the centre point, the inter-brane superpoten- 
tial becomes of similar magnitude to the other terms in 
the open-membrane superpotential and these terms must 
also therefore be included in the analysis. 

Let us assume that the first brane (i.e the brane closest 
to the visible sector at smallest Xi/L) is near the visi- 
ble boundary at some reference distance x\ ~ 8 where 
6 is assumed to be small and tending toward zero since 
we are taking x\ << L. We will keep the approxima- 
tions that the five-branes are equidistant and also that 
only NN (Nearest-Neighbour) instantons are important. 
Since the branes are spread over the entire orbifold one 
sees that the cumulative effect of the inter-brane instan- 
tons is actually suppressed. Now in terms of the super- 
fields we again demand that the branes are equidistant 
and interact only with their nearest neighbours. This 
means we can again write — Yj = AY. Now it 

is straightforward to see that the ith brane is located 
at Yj = Y\ + (i — 1)AY from the visible sector, where 
Y\ = aT for simplicity. 

One can then see that e~ Yi and e~^ T ~ Yi ^ are actually 
the same in this limit so the contribution to the superpo- 
tential simplifies. This is really just an artifact of the Z2 
symmetry due to the orbifolding. Since we have singled 
out Y\ as being special, our summations now run over the 
other N — 1 branes giving a superpotential of the form 



IF 



N 

2hJ2e 

i=2 

2he- aT 



Yj 



+ he~ T + h{N - l)e 



-AY 



(1 



(e-(iV-l)AY _ 1) 



+ he~ T + h(N - 1)< 



-AY 



where we have included the contributions from all the 
five-branes in the stack. Since T is growing at this point, 
the gauge coupling on the hidden sector is increasing and 
generates a non-zero term coming from gaugino conden- 
sation. This term can be computed to yield 



W GC 
f 



ChU exp 



-SIC H 



(28) 



S + lh T + 1 ( a 2 T 2 {N - 1) + aTAy{N 2 - 1)) 



7 NAY 2 
T 6~ 



(1 + 2N 2 - 3N) 



(29) 



which one can see will lead to a significantly complicated 
expression for the F-term scalar potential. 



VI. INFLATION BEYOND THE LEADING 
ORDER APPROXIMATION 

Finally, in this section, we discuss a simple limita- 
tion with the power law model which is related to the 
functional form of the superpotential. Indeed for infla- 
tion to occur in this model without fixing the geometric 
moduli, we must tune the superpotential in two ways. 
Firstly we assume that the TV branes are distributed over 
some length scale Sx 11 which is much smaller than the 
orbifold length, i.e Sx 11 << L. This ensures that we 
can neglect the superpotential terms coming from branc- 
boundary and boundary-boundary instantons. However 
an immediate collorary is that the TV branes must be rel- 
atively close together, and therefore one would assume 
that there can be a sizeable contribution from all the 
inter-brane instantons and not just the nearest neigh- 
bour interactions (which was a crucial assumption in the 
derivation of the power law potential). Let us calculate 
the corrections to the potential arising from the latter of 
these two effects, namely let us relax the condition that 
only nearest neighbour (NN) interactions occur. 

Assuming that the branes remain equidistant, the cor- 
responding contribution to the superpotential can then 
be written as 



IF 



55 



X N-a 



-aAi/j 



(30) 



where X denotes the instanton corresponding to the Xth 
nearest neighbour interaction and A is defined as before 
but includes the additional factor of two for simplicity. 
Note that this is the generalisation of the expression first 
obtained in (l7j . Explicitly performing the sum above 
yields the following F-term potential: 



U 



x 



U h 2 e- 2A ^g(i;) 



(31) 



A' 



\k=l 



(27) 



where we have absorbed the factors of (s, t) into the def- 
inition of U which we again take to be constant during 
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inflation. One can check that the above potential repro- 
duces the leading order solution (cf. [TH) in the limit that 
X — ► 1. Therefore corrections due to X > 1 correspond 
to deviations from the power law inflationary behaviour 
(cf. Sect. HQ. 

The combined effect of the higher order instanton con- 
tributions clearly breaks the power law behaviour. Phys- 
ically we may anticipate that the higher order (large X) 
interactions may well be negligible, however the NNN 
(Next to Nearest Neighbour) interactions may well be 
important. For example we see that if we keep only next 
to nearest neighbouring instanton terms then the poten- 
tial reduces to the following 



U 2 ~ U h 2 e- 2A ^ ((N - 1) + (JV - 2)e 



(32) 



The NNN correction leads to an expansion in powers of 
1/N. For small A, which we assume to be phenomenolog- 
cally favoured, this decouples the inflaton at leading or- 
der allowing us to expand the first slow roll parameter e 2 



<2 



9A 2 



1 



1 



(33) 



which is significantly larger than the NN case (which 
scales like 2A 2 in the notation of this section) - although 
still corresponding to a power law scenario. The result is 
intuitively obvious, namely that inflation is highly sensi- 
tive to the number of brancs in the theory 

Since inflation must occur whilst the branes are lo- 
calised near the center of the orbifold, corresponding to 
ip ~ in this notation, we see that the scalar potential 
near the start of inflation reduces to 

U x (iP~Q)~^^(2N~l-X) 2 ~ 



X 2 U h 2 A*P 
6 

X 2 U h 2 Aijj 
6 



[1-5N + 67V 2 + 2X(1 -6N + 3JV 2 )) 
'X 2 (5-7N) + 2X 3 ) + ... (34) 



One should note that e is actually a decreasing function 
for all y. Moreover one can only trust the potential in 
the region where ip ~ since we have explicitly assumed 
that Xi ~ L/2 in the definition of the superfields. One 
can see that near the origin the slow roll parameter has 
the form 



ex 



2A 2 {1 + X) 2 {1-3N + 2X) 2 
~~9 (1 - 2N + X) 2 



(35) 



which reproduces the result of (|33|) in the appropriate 
limit. One notes that the value of ex decreases with 
increasing N, for fixed X. If one also increases X, then 
one requires larger and larger values of N in order to keep 
the parameter suppressed for inflation. Since inflation 
requires ex < 1 we see that this requires larger and larger 
N as we increase the level of the interaction. To illustrate 



this we sketch the behaviour of the rj, e parameters as a 
function of ip for fixed N in Figures 1 and 2. One notes 
that inflation must occur in the region where ip ~ 0, and 
therefore as one includes higher order terms in X, this 
condition becomes impossible to satisfy. Numerically we 
find the following lower bound on the number of brancs 



N > N c + t(X - 2) 



(36) 



valid for X > 1, where r is a constant of 0(1). The 
numerical coefficient N c is sensitive to the volume of the 
compact manifold. What is interesting to note is that 
the bound shifts by a constant factor r as we increase the 
level of interaction. Since we are taking Vom to be order 
unity, this implies r is order unity, although the precise 
value also depends on the volume. For the canonical 
choices discussed previously, we find that N c ~ 33 and 
t ~ 7. The value of N c increases as we increase the 
volume, thus for V ~ 100 we have N c = 23 whilst for 
V ~ 1000 we sec that N c doubles to N c = 46. If one 
refers back to the bound in (|2"5)) we see that the number 
of branes is bounded from above by causality arguments. 
Inflation will then only occur if the number of branes falls 
in between the relevant bound. For example we see that 
(setting Vom ~ 7) 



46+10(X-2)< N < 283 V - 1000 
23 + 6(X-2)< N < 28 V - 100. 



(37) 



Note that the latter bound cannot be satisfied for X > 2. 
Therefore eternal inflation will only occur precisely when 
X = 2 and 23 < N < 28 which is a highly tuned solution. 

If one takes the potential Ux at face value, then is 
appears that there is a large region of parameter space 
where inflation (although not of the simple power law 
kind) is possible, although eternal. Since we cannot pa- 
rameterise the end of inflation in an obvious manner, the 
question of reheating is an important one. The issue 
is that the effective theory has a geometric origin when 
viewed from the UV, namely the fivebranes must eventu- 
ally collide with the boundary brancs. If the inflationary 
phase lasts this long, then one assumes that reheating 
will occur when the fivebranes merge with the boundary 
via instanton transitions. However this requires a more 
detailed understanding of the effective theory, since other 
terms in the superpotential must be included. 

In the absence of such a procedure, one may ask if 
instant preheating may be used both as an end for in- 
flation and also as a means to reheat the domain wall 
branes. A simple way in which this may be achieved is 
to consider an additional (effective) coupling between the 
inflaton and the volume modulus via Hj], W2, 431 



r 2/2 ~2 - ~ 

£ — 2 9l ^* S ~ 92XXS 



(38) 



where s is related to the real part of the superfield 
through s = M p s, x is a bulk fermion field and -0* repre- 
sents the shifted inflaton = tp — tp e such that inflation 
ends at = 0. Since we cannot analytically control the 
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0.7 F 



TJ 
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o.o E ^ 

2 4 6 8 10 

FIG. 1: Plot of for N — 50, using standard values for 
the volumes. The bottom (red) line corresponds to X = 1 ie 
NN interaction. The middle (blue) line corresponds to X = 2, 
and the top line is X — 3. 



1.0 - 




2 4 6 8 10 

FIG. 2: Plot of e(il>) for N = 50, using standard values for the 
volumes. The bottom (red) line corresponds to X = 1 ie NN 
interaction. The green line above this corresponds to X = 2, 
the blue line is X = 3 and the top line is X — 5. 



ing trajectories we find the following numeric bound on 
the number of branes, valid for X > 1 

2V 

N c + t(X - 2) < N < (39) 

where both N c and r depend on the two volumes al- 
though for a large range of phenomenologically favoured 
parameters we expect N c ~ O(10), r ~ 0(1). The de- 
pendence on the overall volume is the most sensitive, and 
we argued that for the volume V ~ 100, the above bound 
can only be satisfied when X = 2. This corroborates an 
intuitive result, namely that as we increase the number 
of interactions X, the number of branes required to meet 
our inflationary requirement must also increase. This 
does not affect the X = 1 solution which corre- 
sponds to power law inflation, precisely because of the 
special nature of that model. More generally one can see 
that inflation with an arbitrary number of branes, and an 
arbitrary number of instanton interactions, is less likely. 
Whilst this is intuitive, it is worth investigating in some 
detail precisely because the Heterotic theory provides a 
very useful example where the standard model sector can 
be identified (in principle). 

Our results also suggest that despite the beautiful sim- 
plicity of the assisted inflation scenario, there is a large 
drawback in that the theory breaks down once we be- 
gin to probe away from the tp ~ region due to the 
assumption that the branes are localised near the centre 
of the orbifold. Whilst it is interesting to speculate on 
the small instanton transition which results in the branes 
dissolving into the boundary, one must bear in mind that 
the effective theory is no longer valid in this region, and 
one must include terms arising at the same order in the 
supcrpotcntial. 
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end of inflation in these models, we should take it to rep- 
resent the value of tp at which we expect other terms in 
the superpotential to become important. 



VII. DISCUSSION 

In this paper we have re-considered the power law infla- 
tion scenario proposed in the Heterotic M-thcory model 
of [lH to better understand the regime of validity of the 
theory. As a consequence, we have determined the cor- 
rect expression for the scalar potential in the presence of 
instanton interactions between the X nearest neighbours 
and shown that this also leads to eternal inflation. By 
requiring the solution to be i) causal and ii) have inffat- 



APPENDIX A: PHASE SPACE 

Since we have a canonical action, the equation of mo- 
tion for the inflaton is given by the usual expression 
ijj + 3Hi/j + V' = 0. If we define the following dimen- 
sionlcss variables 



A. 



Ml 



(Al) 



then we can define the following autonomous equations 
for the flow of these parameters via 



V 



V 

Ml 



T 2 M„ 2 



1/2 



(A2) 
(A3) 
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where primes denote derivatives with respect to ip and we 
will set M p = 1 at the end. The linearised perturbations 
about such a solution arc therefore 



Sj = M p Sv 

Wr(r c ) 



(A4) 



5v 



M 3 



'v(r c ) 



M 2 T C 



M 2 



y/ZT c / V(T C ) 



M 2 T C 



-1/2 



M 2 



6xV r (T c ) 



M 2 



m;sv 



where the (±) ambiguity arises from taking the square 
root of the Hubble equation, and Vr (T c ) denotes a deriva- 
tive with respect to T and evaluated at T = T c . This is 
a matrix equation where for stability of the fixed points 
we require both eigenvalues to be negative (ie a positive 
determinant). To keep track of the (±) ambiguity let us 
introduce p = ± and therefore the eigenvalues become 



A i 



P_ 

4a 



-V3(2a 2 + T c ) ± y/x 



(A5) 



12a 4 - 16a 2 V rr + 12a 2 T c - 8pV3a 3 V r T c + 3T 2 



where we have used Vrr = Vrr(r c ) and also 



a 



V rr (r c ) , M 2 T C 



(A6) 



Clearly the stability depends on the choice of p and also 
the scalar potential. 



One can study the parametric flow of T and T as func- 
tions of time (assuming fixed N,s,t,X and M p = 1), 
however the result is not illuminating enough to show. 
What we see is that the fixed points of the system are 
localised at ip = 0, oo and that increasing X forces the 
trajectory lines to diverge from the ip = point more 
and more rapidly. All the trajectories map onto one an- 
other as they approach the late time attractor point, as 
expected. 

Let us consider the static solution T c = for simplic- 
ity, since this is the only solution to T = 0. The other 
fixed point therefore occurs when Vr = 0, or when the 
potential is at an extremum. Since the potential is es- 
sentially runaway, this condition can only be satisfied for 
ip — ► oo. In this instance the eigenvalue equation reduces 
to 



V3p^/W c 

2M„ 



■1±4 1 



4Af p 2 Vrr(r c 



W(T C ) 



(A7) 



and therefore we have the following solutions. For p > 
we find Vrr(r c )/V r (r c ) > for stability and for p < 
we have Vrr(T c )/V(r c ) < 0. Ultimately however the 
phase space dynamics tell us that this fixed point solu- 
tion occurs when ip has rolled down to the bottom of the 
potential. However this is beyond the regime of validity 
of the effective theory, since other terms in the inflaton 
potential will be non-vanishing in this regime. 
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For example in the context of type II theory we 
see that the inflaton potential is of the form Uf ~ 
Uo (l — he~ T + ...), where r is related to one of the 
Kahler moduli in the large-volume models in IIB, or one 
of the complex structure moduli in the weakly-coupled 
models of type IIA. The main difference between these 
approaches and the one in the heterotic theory are to 
do with moduli stabilisation. The models of the type II 
theory have all their (heavy geometric) moduli stabilised 
initially at some high scale allowing inflation to occur 
through the dynamics of the lightest moduli, whilst in 
the heterotic M-theory model; none of the moduli are 
stabilised prior to inflation. In the type II context, most 
of the moduli have already been stabilised assuming zero 
temperature and therefore simply turning on finite tem- 
perature effects may not be completely consistent since 
this may have the effect of shifting the vev's of the fields 
- potentially destroying the nice inflationary and phe- 
nomenological properties of such models. 



